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Abstract 

We prove existence of a ground state and resonances in the standard 
model of the non-relativistic quantum electro-dynamics (QED). To this end 
we introduce a new canonical transformation of QED Hamiltonians and use 
the spectral renormalization group technique with a new choice of Banach 
spaces. 

I Introduction 

Problem and outline of the results. Non-relativistic quantum electro-dynamics 
(QED) describes the processes of emission and absorption of radiation by systems 
of matter, such as atoms and molecules, as well as other processes arising from in- 
teraction of the quantized electro-magnetic field with non-relativistic matter. The 
mathematical framework of this theory is well established. It is given in terms of 
the time-dependent Schrodinger equation, 

where ^ is a differentiable path in the Hilbert space Ti = Hp Hj, which is 
the tensor product of the state spaces of the matter system Hp, and the quantized 



* Supported by NSERC Grant No. NA7901 
webpage: www. math. toronto .edu/sigal 
tVisiting IAS, Princeton, NJ, U.S.A. 



1 



ResonQED, November 16, 2008 



2 



electromagnetic field Hj and is the standard quantum Hamiltonian given 




It acts on the Hilbert space H = Hp Hf. Here the superindex SM stands 
for 'standard model' and, as explained below, g is related to the particle charge, 
or, more precisely, to the fine- structure constant. The remaining symbols are de- 
fined below. (To simplify the exposition we omitted the interaction of the spin 

n 

with magnetic field - Yl 2m~'^i ' curlA(xj). It can be easily incorporated into our 

i=i 

analysis.) 

This model has been extensively studied in the last decade, see the book [|64ll 
and reviews [2l|47l|49l[32l and references therein for a list of early contributions. 

For a large class of potentials V{x), including Coulomb potentials, and under 
an ultra-violet cut-off, the operator H^'^^ is self-adjoint (see e.g. [fT2l l46l ). The 
stability of the system under consideration is equivalent to the statement of exis- 
tence of the ground state of H^^'^ , i.e. an eigenfuction with the smallest possible 
energy. The physical phenomenon of radiation is expressed mathematically as 
emergence of resonances out of excited states of a particle system due to coupling 
of this system to the quantum electro-magnetic field. We define the resonances 
and discuss their properties below. 

In this paper we prove existence of the ground state and resonance states of 
]^SM originating from the ground state and from excited states of the particle 
system. Our approach provides also an effective way to compute the ground states 
and resonance states and their eigenvalues. We do not impose any extra conditions 
on Hg^^, except for smallness of the coupling constant g and an ultraviolet cut-off 
in the interaction. 

The existence (and uniqueness) of the ground state was proven by compactness 
techniques in [[33 [51 [HI El 111 SSI |50l 13 and in a constructive way, in [6||. The 
existence of the resonances was proven so far only for confined potentials (see 
[HSilll and, for a book exposition, [|36l). (Note that the papers [|72ll43l[35ll58ll50]l 
include the interaction of the spin with magnetic field in the Hamiltonian, while 
the present paper omits it.) 

Our proof contains two new ingredients: a new canonical transformation of 
the Hamiltonian H^^^ (which we call the generalized Pauli-Fierz transformation. 
Section [HI) and new - momentum anisotropic - Banach spaces for the spectral 
renormalization group (RG) which allow us to control the RG flow for more sin- 
gular coupling functions. A part of this paper which deals with adapting and clar- 



'For discussion of physics emerging out of this Hamiltonian see |[2()ll2Tl . 
^Analyticity of the ground state eigenvalues in parameters was proven in |f34l. 
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ifying some points of the RG technique for the present situation (see Appendix B) 
is rather technical but can be used in other problems of non-relativistic QED. 

Standard model. We now describe the standard model of non-relativistic 
QED. We use the units in which the Planck constant divided by 2%, the speed 
of light and the electron mass are equal to 1{ h = 1, c = 1 and m = 1). In 
these units the electron charge is equal to —\/a, where a = pa the 
fine-structure constant, and the distance, time and energy are measured in units 
of h/mc = 3.86 • h/mc^ = 1.29 • IQ-^^sec and mc^ = Q.bllMeV, 

respectively (natural units). 

We consider the matter system consisting of n charged particles interacting 
with quantized electromagnetic field. The particles have masses and positions 
Xj, where j = 1, ...,n. We write ). The total potential of the 

particle system is denoted by V{x). The Hamiltonian operator of the particle 
system alone is given by 



n 



j=l 3 

where A^;^ is the Laplacian in the variable xj. This operator acts on a Hilbert space 
of the particle system, denoted by Hp, which is either L^(R^") or a subspace of 
this space determined by a symmetry group of the particle system. We assume that 

n 

V{x) is real and s.t. the operator Hp is self -adjoint on the domain of ^ -^Ax^. 

The quantized electromagnetic field is described by the quantized vector po- 
tential 

^e^ky^(^k) + e-''ya*ik))xik)^ (1.3) 



in the Coulomb gauge (div A(y) = 0). Here x is an ultraviolet cut-ojf: x{k) = 
(27r)3V2 ^ neighborhood of /c = and it vanishes sufficiently fast at infinity (we 
comment of this below). The dynamics of the quantized electromagnetic field is 
given through the quantum Hamiltonian 

Hf = J d^kuj{k)a*{k)-a{k), (1.4) 

where u;{k) — | A; | is the dispersion law connecting the energy of the field quan- 
tum with its wave vector k. Both, A{y) and Hf, act on the Fock space Ttf = 
Thus the Hilbert space of the total system isH := Hp ® J-^. 

Above, a*{k) and a{k) denote the creation and annihilation operators on JF. 
The families a*{k) and a{k) are operator-valued generalized, transverse vector 
fields: 

a*{k)--- E eA(A:)a#(A;), 
Ae{-i,i} 
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where ex{k) are polarization vectors, i.e. orthonormal vectors in M!^ satisfying 
k ■ e\{k) = 0, and af{k) are scalar creation and annihilation operators satisfying 
canonical commutation relations. The right side of (11.41) can be understood as a 
weak integral. See Supplement A for a brief review of definitions of the Fock 
space, the creation and annihilation operators and the operator Hj. 

The Hamiltonian of the total system, matter and the radiation field, is given 
by (|I.1I) . First, we consider (|LT]) for an atom or molecule. Then, in the natural 
units, g = ^/a and V{x), which is the total Coulomb potential of the particle 
system, is proportional to a. Rescaling x a~^x and k — > a'^k we arrive at 
(|ITI) with g := a^/^, V{x) of the order 0(lj^ and A{x) replaced by A'{x), where 
A'{x) = A{ax)\^^k)~^^'{k), where x'ik) := (see UlIIIIl). After that we 

drop the prime in the vector potential A'(x) and the ultraviolet cut-off x'i^) (see 
a discussion of the latter below). Finally, we relax the restriction on V{x) by 
considering the standard generalized n-body potentials (see e.g. ^5^): 

(V) V{x) = iyj(7rja;), where are a linear maps from M^*^ to R"*', rui < 3n 
and Wi are Kato-Rellich potentials (i.e. Wi{TTix) e LP'(M'"0 + (/^"^(M^'^))^ 
with Pi = 2 for rrii < 3, pi > 2 for rrij = 4 and pi > mi/2 for rrii > 4, see 

mm). 

Under the assumption (V), the operator H^^'^ is self-adjoint. In order to tackle 
the resonances we choose the ultraviolet cut-off, xi^), so that 

The function 9 x(e^^A;) has an analytic continuation from the real axis, 
M, to the strip {0 G C| |Im ^| < 7r/4} as a L°°(M3) function, 

e.g. x{k) = e~l'^l^/^^, and we assume that the potential, V{x), satisfies the condi- 
tion: 

(DA) The the particle potential V{x) is dilation analytic in the sense that the 
operator-function 9 V{e^x)(—A + 1)^^ has an analytic continuation 
from the real axis, M, to the strip {9 E C| |Im 6^1 < ^^o} for some 9o > 0. 

In order not to deal with the problem of center-of-mass motion, which is not 
essential in the present context, we assume that either some of the particles (nu- 
clei) are infinitely heavy or the system is placed in a binding, external potential 
field. This means that the operator Hp has isolated eigenvalues below its essential 
spectrum. However, the techniques developed in this paper can be extended to 
translationally invariant particle systems (see ll23l ). 

Ultra-violet cut-off. Finally, we comment on the ultra-violet cut-off x(fc) 
introduced in (Ol) . This cut-off is introduced for the model to be well-defined. 



^^In the case of a molecule in the Born-Oppenheimer approximation, the resulting V{x) also 
depends on the rescaled coordinates of the nuclei. 
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Assuming x decays on the scale k^, in order to correctly describe the phenomena 
of interest, such as emission and absorption of electromagnetic radiation, i.e. for 
optical and rf modes, we have to assume that the cut-off energy, hckc, is much 
greater than the characteristic energies of the particle motion (we reintroduced the 
Planck constant, h, and speed of light, c, for a moment). The latter motion takes 
place on the energy scale of the order of the ionization energy, i.e. of the order 
a^mc^. Thus we have to assume a'^mc^ <^ hckc- 

On the other hand, for energies higher than the rest energy of the the elec- 
tron (mc^) the relativistic effects, such as electron-positron pair creation, vacuum 
polarization and relativistic recoil, take place. Thus it makes sense to assume 
that hckc ^ mc^. Combining the last two conditions we arrive at the restriction 
a^mc^ <^ hckc ^ tnc^ or oP'mc/h <^ kc <^ mc/h. In our units this reads 

< fee < 1- 

After the rescaling x a^^x and k a^k performed above the new cut-off 
momentum scale, k'c = a^'^kc, satisfies 

1 < A;^ < 

which is easily accommodated by our estimates (e.g. wecanhave kc = 0{a~^^^)). 
Thus we can assume for simplicity that x is fixed. 

Resonances. We define the resonances for the Hamiltonian H^'^'^ as follows. 
Consider the dilations of particle positions and of photon momenta: 

Xj e^Xj and k — > e~^k, 

where ^ is a real parameter. Such dilations are represented by the one-parameter 
group of unitary operators, Uq, on the total Hilbert space H := Hp J-' of the 
system (see Section Hill). Now, for G M we define the deformation family 

ttSM \^ ttSM v — l /T c\ 

HgQ .- Aglig Aq , (1.5) 

where Xq := Uge~^^^ with F, the self- adjoint operator defined in Section [III 
The transformation H^^^ — > q-^sF j^sm ^igF ^ generalization of the well-known 
Pauli-Fierz transformation. Note that the operator-family Xq has the following 
two properties needed in order to establish the desired properties of the reso- 
nances: 

(a) Xq are unitary for ^ e M and 

(b) Xq^^q^ = Uq^Xq^ where t/e are unitary for G M. 

It is easy to show (see Section HIH) that, due to Condition (DA), the family 
HgQ ^ has an analytic continuation in 6 to the disc Z)(0, 6q), as a type A family in 
the sense of Kato ([56]). A standard argument shows that the real eigenvalues of 
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Hgff , ImO > 0, coincide with eigenvalues of Hg and that complex eigenvalues 
of Hg^^, lm.6 > 0, lie in the complex half-plane C^. We show below that the 
complex eigenvalues of H^fj^ , lm9 > 0, are locally independent of 9. We call 
such eigenvalues the resonances of H^'^'^ . 

As it is clear from the definition, the notion of resonance extends that of eigen- 
value and under small perturbations embedded eigenvalues turn generally into res- 
onances. Correspondingly, the resonances share two 'physical' manifestations of 
eigenvalues, as poles of the resolvent and and frequencies of time-periodic and 
spatially localized solutions of the time-dependent Schrodinger equation, but with 
a caveat. To explain the first property, we use the Combes argument which goes 
as follows. By the unitarity of Xq := f/^e"*^^ for real 9, 

(VP, (iff ^ - = (VI/,-, (i/JA^ - , (1.6) 

where "^g = Xg"^, etc., for G M and z E C+. Assume now that "^g and $9 have 
analytic continuations into a complex neighbourhood of 6* = 0. Then the r.h.s. of 
(|L6l) has an analytic continuation in 9 into a complex neighbourhood of = 0. 
Since (|L6|) holds for real 9, it also holds in the above neighbourhood. Fix 9 on 
the r.h.s. of (11.61) . with Im^^ > 0. The r.h.s. of (lL6l) can be analytically extended 
across the real axis into the part of the resolvent set of H^fj^ which lies in 
and which is connected to C+. This yields an analytic continuation of the l.h.s. 
of (|L6|) . The real eigenvalues of //^/^ give real poles of the r.h.s. of (1161) and 
therefore they are the eigenvalues of H^^' . The complex eigenvalues of H^g\ 
which are at the resonances of H^^^, yield the complex poles of the r.h.s. of (|L6l) 
and therefore they are poles of the meromorphic continuation of the l.h.s. of ([161) 
across the spectrum of Hg^ onto the second Riemann sheet. This pole structure 
is observed physically as bumps in the scattering cross-section or poles in the 
scattering matrix. There are some subtleties involved which we explain below. 

The second manifestation of resonances alluded to above is as metastable 
states (metastable attractors of system's dynamics). Namely, one expects that 
the ground state is asymptotically stable and the resonance states are (asymptoti- 
cally) metastable, i.e. attractive for very long time intervals. More specifically, let 
z^:, Imz^: < 0, be the ground state or resonance eigenvalue. One expects that for 
an initial condition, ^q, localized in a small energy interval around ground state 
or resonance energy, Rez^, the solution, ijj, of the time-dependent Schrodinger 
equation, idtip = Hg^ip, is of the form 

e-^r^Vo = e-^^*V. + 0,Urn + 0^9^), (1.7) 

for some a, P > (depending on iPq). Here 0=,, is either the ground state (if 2;* is 
the ground state energy) or an excited state of the unperturbed system (if z^ is a 
resonance eigenvalue), the error term Oioc(t^") satisfies ||(1-|- |T|)^''Oioc(t^") || < 
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Ct~°', where T is the generator of the group Ug, with an appropriate u > 0, and 
the error term Ores{g^) is absent in the ground state case. The reason for the latter 
is that, unlike bound states, there is no 'canonical' notion of the resonance state. 

The asymptotic stability of the ground state is equivalent to the statement of 
local decay. Its proof was completed recently in [t 28l [30l (see [[T2l [T3 1 for com- 
plementary results). A statement involving survival probabilities of excited states 
which is related to the metastability of the resonances is proven in flj] using the 
results of this paper (see [|40l for related results and [|l2l|59l|571 for partial results). 

The dynamical picture of the resonance described above implies that the imag- 
inary part of the resonance eigenvalue, called the resonance width, can be inter- 
preted as the decay rate probability, and its reciprocal, as the life-time, of the 
resonance. 

(v) 

Main results. Let ej^'s be the isolated eigenvalues of the particle Hamiltonian 
Hp. In what follows we fix an energy u G (e[f'', inf aess{Hp)) below the ioniza- 
tion threshold ini aess{Hp) and denote e^J'ap = efap{jy) ■= min{|e.^^ — e^.^-*! | i ^ 

j, ef\e~^^ < v} and j(i/) := max{j : e^-^-* < v}. 
We now state the main results of this paper. 

Theorem I.l. Assume Condition (V). Fix e[f^ < z/ < inf aess{Hp) and let g ^ 
min(e^^^(i/), \J eflp{v) tan(6'o/2) ). Then 

(i) Each eigenvalue, e'f^, of H^^, which is less than v, turns into resonance 
and/or hound state eigenvalues, ej^k, ofHg^^, g ^ 0; 

{ii) Vj, Cj^fc = ^f' + 0((7^) and the total multiplicity of ej^k Vfc equals the 

(p) 

multiplicity of ej ; 

( Hi) Hg^^ has a ground state, originating from a ground state ofH^^l; 
(iv) ej 's are independent of 9, provided lm9 > 6q/2. 

The statements concerning the excited states are proven under additional Con- 
dition (DA). 

In what follows we omit the subindex k in ^ and write tj. By statement (ii), 
we have eo := inf a{Hg^^). Let 

Sj := {z e e-^Qj I Re{e\z-ej)) > and \lm{e%z-ej))\ < ^\Re{e\z-ej))\}. 

(1.8) 

Information about meromorphic continuation of the matrix elements of the resol- 
vent and position of the resonances is given in the next theorem. 

Theorem 1.2. Assume g <^ efapiy) and Conditions (V) and (DA). Then for a dense 
set (defined in (11.91) below) of vectors ^ and $, the matrix elements F(z, ^ , $) := 
(\E', {Hg^^ — z)^^^) of the resolvent of Hg^^ have meromorphic continuations 
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from across the interval (eg, v) of the essential spectrum of H^^^ into the do- 
main {z G C^l eo < Re^; < u}, with the wedges Sj, j < jiv), deleted. Further- 
more, this continuation has poles at ej in the sense that lim^-^e^ (e^ — z)F{z, $) 
is finite and, for a finite-dimensional subspace of'^'s and $ 's, nonzero. 

Discussion. 

(i) Condition (DA) could be weakened considerably so that it is satisfied by 
the potential of a molecule with fixed nuclei (cf. L55J). 

(ii) Generically, excited states turn into the resonances, not bound states. A 
condition which guarantees that this happens is the Fermi Golden Rule (FOR) 
(see US). It expresses the fact that the coupling of unperturbed embedded eigen- 
values of Hq^' to the continuous spectrum is effective in the second order of the 
perturbation theory. It is generically satisfied. 

(iii) With little more work one can establish an explicit restriction on the cou- 
pling constant g in terms of the particle energy difference ef}p and appropriate 
norms of the coupling functions. 

(iv) The second theorem implies the absolute continuity of the spectrum and its 
proof gives also the limiting absorption principle in the interval (eo, v), but these 
results have already been proven by the spectral deformation and commutator 
techniques lfT2l[T3l|28ll. 

(v) The meromorphic continuation in question is constructed in terms of ma- 
trix elements of the resolvent of a complex deformation, H^g^ , IraO > 0, of the 
Hamiltonian Hg^^ ■ 

(vi) The proof of Theoremll. 1 Igives fast convergent expressions in the coupling 
constant g for the ground state energy and resonances. 

The main new result of this work is the existence of resonances and an algo- 
rithm for their computation. 

The dense set mentioned in the Theorem [Til is defined as 

V := [j Ran(x7V<„X|r|<a). (1.9) 

?i>0,a>0 

Here N = J d?ka*{k)a{k) is the photon number operator and, recall, T denotes 
the self-adjoint generator of the one-parameter group f/g, 6* G M (see Section 
Uni) . Since and T commute, this set is dense. We claim that for any ^ E V, 
the family U0e~^^^^^^'ip has an analytic continuation from R to the complex disc 
D(0,9o). Indeed, by the construction in the next section, the family Fg{x) := 
UgF{x)UQ^ has an analytic continuation from R to the complex disc D(0, Oq). For 
9 complex this continuation is a family of non-self-adjoint operators. However, 
the exponential e^^^^*^^^^ is well defined on the dense domain IJn<oo ^^^XN<n- 
Since 



ResonQED, November 16, 2008 



9 



for some n and a, s.t. XN<nX\T\<atp = tp^ the family Uge~''^^^^^tp has an analytic 
continuation in 9 from M to D{0, 9q). 

Infrared problem. As is shown in Theoremll.lland is understood in Phyisics 
on the basis of formal - but rather non-trivial - perturbation theory, the resonances 
arise from the eigenvalues of the free Hamiltonian Hq'^^ . To find the spectrum of 
Hq^'^ one verifies that Hf defines a positive, self-adjoint operator on JF with purely 
absolutely continuous spectrum, except for a simple eigenvalue corresponding 
to the vacuum eigenvector (see Supplement A). Thus, for (7 = the low energy 
spectrum of the operator Hq^'^ consists of branches [e^-^^ 00) of absolutely con- 
tinuous spectrum and of the eigenvalues e-^'''s, sitting at the continuous spectrum 
'thresholds' e^^^'s. The absence of gaps between the eigenvalues and thresholds 
is a consequence of the fact that the photons are massless. This leads to hard 
problems in perturbation theory, known collectively as the infrared problem. 

This situation is quite different from the one in Quantum Mechanics (e.g. Stark 
effect or tunneling decay) where the resonances are isolated eigenvalues of com- 
plexly deformed Hamiltonians. This makes the proof of their existence and estab- 
lishing their properties, e.g. independence of 9 (and, in fact, of the transformation 
group Xg), relatively easy. In the non-relativistic QED (and other massless the- 
ories), giving meaning of the resonance poles and proving independence of their 
location of 6* is a rather involved matter (see below). 

The point above can be illustrated on the proof of the statement (ITTl) . To this 
end we use the formula 

e-'"'f{H) = - / dXf{X)e-'^'lm{H - A - iO)"^ 

J -00 

(see e.g. Il62ll ) connecting the propagator and the resolvent. For the ground 
state the absolute continuity of the spectrum outside the ground state energy, or 
a stronger property of the limiting absorption principle, suffices to establish the 
result in question. In the resonance case, one uses the fact that the meromorphic 
continuation of matrix elements of the resolvent (on an appropriate dense set of 
vectors) to the second Riemann sheet has poles at resonances and performing a 
suitable deformation of the contour of integration in the formula above (see e.g. 
[|54ll ). This works when the resonances are isolated (see [|54l[55l ). In the present 
case, proving (11.71) is a subtle problem. 

Resonance poles. Can we make sense of the resonance poles in the present 
context? The answer to this question is obtained in [IJ, where it is shown, assum- 
ing the results of this paper, that for each ^ and $ from a dense set of vectors, 
the meromorphic continuation, F(z, \1', $), of the matrix element (\E', {Hg^' — 
2;)^^$), described above, is of the following form: 



^, $) = (e^ - z) ^) + riz, ^, $) , 



(1.10) 
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near the resonance ej of H^^^ . Here p and r(z) are sesquilinear forms in ^ and 
$ with r{z), analytic in z E Q := {z e eQ < Rez < '^}/IJj<j(i/) ^^'^ 
bounded on the intersection of a neighbourhood of ej with Q as 

\r{z, ^E', $)| < C.j,,$|ej — for some 7 < 1. 

Moreover, p 7^ at least for one pair of vectors \E' and $ and p = for a dense 
set of vectors ^ and $ in a finite co-dimension subspace. The multiplicity of a 
resonance is the rank of the residue at the pole. The next important problem is 
to connect the ground state and resonance eigenvalues to poles of the scattering 
matrix. 

Approach. To prove Theorems |LT] and ILI] we apply the spectral renormaliza- 
tion group (RG) method ([jl[l0l[IIl[3ll29J) to the Hamiltonians e-'sFH^M^igF 
(the ground state case) and (the resonance case). Note that the version of 
RG needed in this work uses new - anisotropic - Banach spaces of operators, on 
which the renormalization group acts. It is described in [|29l . Using the RG tech- 
nique we describe the spectrum of the operator H^q ' in {z G | eg < Rez < u} 
from which we derive Theorems IlTI and lOl 

In the terminology of the Renormalization Group approach the perturbation in 
(ITT]) is marginal (similar to critical nonlinearities in nonlinear PDEs). This leads 
to the presence of the second zero eigenvalue in the spectrum of the linearized 
RG flow (note that there is no spectral gap in the linearized RG flow). This case 
is notoriously hard to treat as one has to understand the dynamics on the implic- 
itly defined central manifold. The previous works fTOl [HJ remove it by either 
assuming the non-physical infrared behaviour of the vector potential by replacing 
in the vector potential (lOl) by |A;|^^/^+^, with e > or or by assuming 
presence of a strong confining external potential so that V{x) > c|xp for x large. 
Our work shows that in non-relativistic QED one can overcome this problem by 
suitable canonical transformation and choice of the Banach space. 

Our approach is also applicable to Nelson's model describing interaction of 
particles with massless lattice excitations (phonons) described by a quantized, 
massless. Boson field (see Supplement B) and Theorems ITTI and lL2l are still valid 
if replace there the operator H^^^ by the Hamiltonian for this model. (In 
this case we recover earlier results.) In fact, we consider a class of generalized 
particle-field operators (introduced in Section ITVl) which contains both, operators 
H^^ and H^. 

Organization of the paper. The paper is organized as follows. In Section HI] 
we introduce the generalized Pauli-Fierz transformation {Hg^^ ^-wF j^sm ^igF _ 
Hg^ ) and in Section [nil the complex deformation of quantum Hamiltonians. In 
Section |IV] we introduce a class of generalized particle-field Hamiltonians and 
show that the Hamiltonian H^^ obtained in Section HI] and the Hamiltonian 
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as well as their dilation deformations belong to this class. In the rest of the pa- 
per we study the Hamiltonians from the class introduced and derive Theorems 
|LT] and |L2] from the results about these Hamiltonians. In Section |V] we introduce 
an isospectral Feshbach-Schur map and use it to map the generalized particle- 
field Hamiltonians into Hamiltonians acting only on the field Hilbert space - Fock 
space (elimination of particle and high photon energy degrees of freedom). The 
image of this map is shown in Section lVnl to belong to a certain neighbourhood in 
the Banach spaces introduced in Section |Vll The latter spaces are an anisotropic 
- in the momentum representation - modification of the Banach spaces used in 
BUflOlIIIl. In Section rvnil we use the results of [29] on the spectral renormaliza- 
tion group (cf. ElfTOllllJ) to describe the spectrum of generalized particle-field 
Hamiltonians. Finally, in Section|IX]we prove Theorems ITTI and lL2i In Appendix 
A we recall some properties of the Feshbach-Schur map and in Appendix B we 
prove the main result of Section |Vll The results of both appendices are close to 
certain results from |'4l [Ml l29J, but there are a few important differences. The 
main ones are that we have to deal with unbounded interactions and, more impor- 
tantly, with momentum-anisotropic spaces. Some basic facts about Fock spaces 
and creation and annihilation operators on them are collected in Supplement A 
and in Supplement B we describe the Nelson Hamiltonians and their dilation de- 
formations. 



II Generalized Pauli-Fierz transformation 

In order to simplify notation from now on we assume that the number of particles 
is 1, n = 1. We also set the particle mass to 1, m = 1. The generalizations to an 
arbitrary number of particles is straightforward. We define the generalized Pauli- 
Fierz transformation mentioned in the introduction: with F{x) introduced below 
we let 

We call the resulting Hamiltonian the generalized Pauli-Fierz Hamiltonian. Here 
F{x) is the self-adjoint operator on the state space Ti given by 

^(^) = E / U.A^)<^x{k) + f,^^{k)a\{k))^ {11.2) 



with the coupling function fx,\{k) chosen as 



,,^{k):=e-^'^^ip{\k\ie^{k)-x). (II.3) 
\k\ 



ResonQED, November 16, 2008 



12 



The function (p is assumed to be C^, bounded, with bounded second derivative, 
and satisfying (p'{0) = 1. We assume also that (p has a bounded analytic continu- 
ation into the wedge e C| | arg(2;) | < ^o}- We compute 

Hr ^liP- 9M^)f + Vgix) + Hf + gG{x) (II.4) 
where =A(x)-VF(x), Vg{x) := V{x) +2g^^ J \k\\f,,^{k)\''d^k and 

G{x) := / mkx{k)ax{k) - U,{k)al{k))^. (II.5) 

(The terms gG and Vg—V come from the commutator expansion e"^^^^^'' H fC^^^^^^ 
= -ig[F, Hf] - g^[F, [F, Hf]].) Observe that the operator-family Ai{x) is of the 
form 

M^) = E / (e'''«A(A;) + e-^X(^))XA,x(A:)^, (n.6) 



A 

where the coupling function, 

XxAk) ex(k)e-''^x(k) - VJ,,x(k), 
satisfies the estimates 

\Xx,xik)\ < const min(l, y/\k\{x)), (II.7) 
with (x) := (1 + |a;p)^/^ and 



J ^ \xxAk)\^ < oo- 



(11.8) 



The fact that the operators Ai and G have better infra-red behavior than the origi- 
nal vector potential A, is used in proving, with a help of a renormalization group, 
the existence of the ground state and resonances for the Hamiltonian Hg^ . 

We note that for the standard Pauli-Fierz transformation the function fx,\{k) 
is chosen tohe x{k)ex{k) ■ x, which results in the operator G (which in this case 
is proportional to the electric field at x = dot x) growing as x. 

We mention for further references that the operator (1.13) can be written as 

Hr = + C ' 

where H^^ ^ Ho + 2g' Ea / |^| |/.,a(^) 1'^=^^ + 9'ExI with Ho := 

Hp + Hf and Ig^ is defined by this relation. Note that the operator 1^^ contains 
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linear and quadratic terms in the creation and annihilation operators and that the 
operator H^^ is of the form H^^ = H^^ + Hj where 

H^^:=H, + 2g'Yl / \m.Ak)\'d'k + g'J^ p-^^d'k (11.10) 

A A 

with Hp given in (11.21) . 

Since the operator F(x) in (111.11) is self-adjoint, the operators H^^'^ and H^^ 
have the same eigenvalues with closely related eigenfunctions and the same es- 
sential spectra. 



Ill Complex Deformation and Resonances 

In this section we define complex transformation of the Hamiltonian under con- 
sideration which underpins the proof of the resonance part of Theorem |LT] and 
the proof of Theorem [Til Let ug be the dilatation transformation on the one- 
photon space, i.e., ug: f{k) — > e^^^/^/(e^^A;). Define the dilatation transforma- 
tion, Uf0, on the Fock space, Hj = hy second quantizing uq: Uje := e*^^ 
where T := J a*{k)ta{k)dk and t is the generator of the group ug (see Supple- 
ment for the careful definition of the above integral). This gives, in particular, 

Ufea*{f)Uj,'=a*{uef). (111.1) 



Denote by Upg the standard dilation group on the particle space: Upo : ip{x) 
e2^tp(e^x) (remember that we assumed that the number of particles is 1). We 
define the dilation transformation on the total space H = Hp®Hfhy 

Ue = U.pe®Ufe- (111-2) 

For 6* G M the above operators are unitary and we can define the family of 
Hamiltonians originating from the Hamiltonian H^^^ as 

Under Condition (DA), there is a Type-A ([56]) family H^l' of operators analytic 
in the domain |lm^| < 9q, which is equal to (1111.31) for ^ G M and s.t. Hgl'* = 

H^f' and 

Hge' = UKeeHgij^QU^^g. (111.4) 

Indeed, using the decomposition H^^ = H^^ + Hf + 1^^ (see dlLOt - dlUOl) '). we 
write for 61 G M 



(111.5) 
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where if^^^ := U^eH^^Uj and I^'^ := UgI^^Ug\ It is not hard to compute 
that H^g^^ = -e-^^A + Vg{e'^x), where 

V,{x) := V{x)+2g'J2 / \k\\Ux{k)\'d'k + g'J^ / ^^^^'^ ^^I-^) 

with V given in (ITIl) . Furthermore, using (IIII.ll) and the definitions of the inter- 
action Ig^, we see that /^/^ is obtained from 1^^ by the replacement a*{k) — > 

e~^a*{k) and, in the coupling functions only, 

k e^'^k and ,t e^x. (III.7) 

By Condition (DA), the family (|III.5I) is well defined for all 6 satisfying |Im^^| < 6q 
and has all the properties mentioned after Eqn (IIII.3I) . Hence, for these 6, it gives 
the required analytic continuation of (|III.3I) . We call H^q ^ with Im6' > the 
complex deformation of Hg^'^ . 

Recall that we define the the resonances of H^^ as the complex eigenvalues 
of HgQ ^ with Im^^ > 0. Thus to find resonances (and eigenvalues) of H^^^ we 
have to locate complex (and real) eigenvalues of H^q ' for some 6 with Im6' > 0. 

In Sections IVl - IVIIII we prove the following result 

ThGoremlXl.l. Assume Conditions (V) and (DA) holds. Fixe^^^ < u < inf aess{Hp) 
and let g ^ egap(z^)- Then the operators Hgg ^, with lm6 > 0, have eigenvalues 
j < s-t- = + 0{g'^) and ej are independent of 6. The essential 
spectrum of , lm6 > 0, is a subset of the set IJj<j(y) ^j^ where the sets Sj 
are given in (11.81) . 

Theorem llll.li together with the discussion in paragraphs containing Eqns 
(|L9] )- (IL6|) implies Theorems II. 1 1 and 1121 (for the ground state part of Theorem ITTI 
it contains unnecessary Condition (DA)). 

Furthermore, one can show that the eigenvalues ej, j < j(z/), have the prop- 
erties 

(i) If the FOR condition is satisfied, then Ime^ = —g'^'jj + 0{g^), where 7^ are 
given by the Fermi Golden Rule formula; 

(ii) tj can be computed explicitly in terms of fast convergent expressions in 
the coupling constat g. 



IV Generalized Particle-Field Hamiltonians 



It is convenient to consider a more general class of Hamiltonians which contains, 
in particular, both, the generalized Pauli-Fierz and Nelson Hamiltonians and their 
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complex dilation transformations. (Recall that the Nelson hamiltonian is defined 
in Supplement B.) We consider Hamiltonians of the form 

H, = Hog + Ig, (IV. 1) 

where g > is coupling constant, H^g := Hpg + Hj, with Hpg := —kA + 
Vg{x), K e C, K ^ 0, and Ig := 5- Ei<m+n<2 ^^.n- We assume that Vg{x) is 
A— bounded with the relative bound less than \k\/2, more precisely, that it obeys 
the bound 

IIF.^II <^||A^|| + 11^11, (IV.2) 

uniformly in g < 1, where we set the constant in front of the second term on the 
r.h.s. to 1. This constant plays no role in our analysis. Moreover, we assume that 
the operators Wm,n are of the form 

„ m+n ,j m 

J]fj3(m+n) ^ \'^3\ ^ 

m+n 

XWm,n[kl,---,km+n\ W^ikj), (IV.3) 



m+l 

where k := (fci, fcm+n)^ the coupling functions, are operator-functions 

from to bounded operators on the particle space Hp obeying 

sup ||w^,„||if) < oo, (IV.4) 

<?<! 

for some fi > and 5o > (the latter parameter is not displayed, see the next 
equation; also note that Wrn,n might depend on the coupling constant g). Here the 
norm ||wm,n||M is defined by 

II 11(0) II e-'5<-'>w;^,„[fc]e'5<-')(p)-(2-— ) 

"W^mn := sup sup ■ — — ■ ^. (IV.S) 

" ' "'^ |.|ifcgM3(^+")''[min((x)™+"nr (l^.f/'),l)]^ 

Here || ■ \\part is the operator norm on the particle Hilbert space Hp. We observe 
that for g sufficiently small 

D{Hg) = DiHo) C Dilg). 

We denote by GH^ the class of (generalized particle-field) Hamiltonians sat- 
isfying the restrictions (IIV.II) - (IIV.5I) . We also denote by Gif^" the class of 
operators of the form (IIV.3I) - (IIV.5I) . 

Clearly, both, the generalized Pauli-Fierz and Nelson, Hamiltonians belong to 
GH^ with /i = 1/2 for the generalized Pauli-Fierz Hamiltonian and ^ > for the 
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Nelson Hamiltonian and with k = 1/2. Indeed, for the Nelson model, (IXIII.ll) - 
(|XIII.5I) . Vg = V obeys (IIV.2I) and Wm,n are for m + n = 2 and multiplication 
operators by the bounded functions K{k)e~''^^ and K,{k)e^^^ fox m + n = 1. For the 
QED case (the generalized Pauli-Fierz Hamiltonian, (III.4I) ) Vg is given by (IIII.6I) 
and Ig := p ■ Ai(x) + : : +G{x), where the operator G{x) is defined 

in (III. 5 1) . From these expressions we see that Vg satisfies (IIV.2I) and Wm,n obey the 
conditions formulated above. 

Dilation deformed generalized Pauli-Fierz and Nelson Hamiltonian also fit 
this framework. Let H^g ^ be a complex deformation of the QED Hamiltonian 
Hg^^, i.e. the dilation transformation of the generalized Pauli-Fierz Hamiltonian 
Hg^. Then the operator Hg := e^H^g ^ satisfies the restrictions imposed above 
with /i = 1/2 and k = e~^^^/2. For the Nelson model we have and n > 0. 

V Elimination of Particle and High-Photon Energy 
Degrees of Freedom 

In this section we consider the operator families Hg — A, where the operator Hg = 
Hgo + Ig ^ GH^ (see Section HVT). and map them into families of operators acting 
on the Fock space only (elimination of the particle degrees of freedom). We will 
study properties of the latter operators in Sections rVIII and IVIIII after we introduce 
appropriate Banach spaces in Section IVTl 

Fix 1 < j < and consider an eigenvalue \j E ad{Hpg) and define 

5j := dist(Aj, a{Hpg)/{\} + [0, oo)). (V.l) 

We assume 5j > and we define the set 

Qj := {A G C I Re(A - A^) < and |Im(A - A^)] < hj}. (V.2) 

o o 

Let Ppj be the orthogonal projection onto the eigenspace of Hpg corresponding 
to Xj and, as usual, Ppj = 1 - Pp^ We define H^pg := e^'^Hpge'^ and P^j := 
e'^^Ppj e'f with = 5{x). We use the following parameter to measure the size of 
the resolvent of Hpg. 

Kj':= sup sup ||(iJ4-A)-ip^||, (V.3) 

0<5<5oXeQj 

for 5o > sufficiently small. Note that if the operator Hpg is normal, as in the 
case of the problem of the ground state, where Hpg is self-adjoint, then kj can be 
easily estimated for 6o sufficiently small. If the operator Hpg is not normal, then 
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getting an explicit upper bound on its resolvent requires some work. This will be 
done in the proof of Theorem IIII. 1 1 given in Section HXl 

Our goal now is to define the renormalization map on the class generalized 
particle-field Hamiltonians GH^. This map is a composition of three maps which 
we introduce now. First of these is the smooth Feshbach-Schur map (SFMfl or 
decimation, map, F^, which is defined as follows. We introduce a pair of almost 
projections 

n = nj = 7r[Hf] := Ppj XHf<p (V.4) 

and 7f = nlHf] which form a partition of unity tt^ + vf^ = 1. Note that vr and vf 
commute with Hog introduced in Section |IVl Next, for Hg = Hog + Ig E GH^, 
we define 

:= Hog + nlgTT . (V.5) 
Finally, on the operators Hg — \ s.t. Hg = H^g + Ig E GH^ and 

if^f — A is (bounded) invertible on Ran yf , (V.6) 

we define smooth Feshbach-Schur map, F.^, as 

F^{Hg - A) := Hog-X + nlgTi - nIgn{H^ - Xy^nlgii . (V.7) 

Observe that the last two operators on the r.h.s. are bounded since, for any operator 
Ig as described in Section ITVl 

IgiY and nig extend to bounded operators on H. 

Properties of the smooth Feshbach-Schur maps, used in this paper, are described 
in Appendix A. For more details see ll4l[33l. 

Next, we introduce the scaling transformation Sp : B[H] ^ B[H], which acts 
on the particle component of 7i := Hp ® 7i/ by identity and on the field one, by 

^,(1) := 1, Spia*ik)):= p-^'^ a*{p~^k) , (V.8) 

where a*{k) is either a(k) or a* (A;) and k E M^. 

Now, on Hamiltonians acting on 7-^ := Hp 0Hf which are in the domain of 
the decimation map we define the renormalization map TZpj as 

Up, = p-'Sp o F^, (V.9) 

'^In lfT0l[lTl l4l this map is called the Feshbach map. As was pointed out to us by F. Klopp and 
B. Simon, the invertibility procedure at the heart of this map was introduced by I. Schur in 1917; 
it appeared implicitly in an independent work of H. Feshbach on the theory of nuclear reactions, 
in 1958, see ||33]| for further extensions and historical remarks 
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where recall n = nj. The parameter p here is the same as the one in (IV.4I) . It gives 
a photon energy scale and it is restricted below. 

To simplify the notation we assume that the eigenvalue \j of the operator Hpg 
is simple (otherwise we would have to deal with matrix- valued operators on Hf). 
We have 

Theorem V.l. Let Hg be a Hamiltonian of the class GH^ defined in Section IV 
with fi > 0. We assume that 6j > 0. Then for g p < and A G Qj 

Hg-XeD{n„). (V.IO) 

Furthermore, IZpj {Hg — A) = Ppj ® Hxj + {H^g — A) {Ppj ® 1) where the family of 
operators Hxj, acting on T, is s.t. Hxj — Hj is bounded and analytic in A G Qj. 

A proof of Theorem IV. II is similar to that of related results of ifTOlfTTlfTll . We 
begin with 

Proposition Y.2. Let g ^ p < t^j and A G Qj. Then the operators — A are 
invertible on Ranyf and we have the estimate 

\\W{H^ - X)-'^7r\\ < Ap~\ (V.ll) 

Proof. First we show that for A G Qj the operator H^g — A is invertible on Ranvf 
and the following estimate holds forn = 0, 1 

\\{\p\' + Hf + iyRoiX)\\<Cp-' (V.12) 

where Ro{\) := {Hog — A)~^7f. If the operator Hpg is self-adjoint then the es- 
timates above are straightforward. In the non-self-adjoint case we proceed as 
follows. 

Write 7f = Ppj®XHf>p+Ppj^'i-, where, as usual, Ppj = 1 — Ppj. Since Hog = 
Xj + Hf on Ran (Ppj (g) xh/>p)' the operator Hog — A is invertible on Ra.n{Ppj 
XHf>p) for A G Qj and 

\\{Hog-X)-\Pp,^XH,>p)\\<2p-K (V.13) 

Next, a(i7oJiJan(P„®l)) = (^{HpglRanpJ + ^(^/) = (^{Hpg)/{Xj} + M+. 

Now, by the definition of Qj we have infs>o dist(Aj — s, Qj) < 6j/2. This and 
the definition of 5j give 

dist(a(ifo,Uan(P„«l)), Qj) > (V.14) 

Therefore, for X E Qj, the operator Hog — A is invertible on Ran(Ppj ® 1). Since 
the operator {Hog — X)~^{Ppj 1) is analytic in a neighbourhood of Qj we have 

that snpxeQ, II (^05 - >^)~\Ppj ® 1)11 < 00. 
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We claim that 

sup \\{Hog - X)-\Pp, ® 1)11 < C/^-i (V.15) 

where Kj is defined in (|V.3I) . Indeed, since the operator i/j is self-adjoint with the 

known spectrum, [0, oo), and since Qj = Qj — [0, oo), we can write, using the 
spectral theory, 

l.h.s. of (EH = sup \\{Hpg - Xy^Ppjl (V.16) 

Now, our claim follows from the definition (|V.3I) of kj. 
Since p < kj, the inequalities (IV. 131) and (|V.15I) imply 

Po(A)|| <4p-i (V.17) 

which implies (IV. 121) with n = and C = 4. 

The estimate (IV. 171) and the relation HogRo{\) = RanTf + \Ro(\) imply the 

inequality \\HogRoiX)\\ < 2 + A\e''^^\/p. Finally, since by (IIV2l) . < 
2\\Hogij\\ +2||^||,we have dVH with n = 1. 

The inequality (|V.12I) implies the estimates 

\\{p)^-''{Hf + ir/\Hog-X)-'n\\ < Cp-\ (V18) 

for n = 1, 2. 

Now, we claim that 

\\lg{H,g-\)-^Ti\\ < Cgp-K (V19) 

Indeed, let f{k) be an operator-valued function on Tip. Then we have the follow- 
ing standard estimates 

||a(/)V;|| < ( j Mi^fclrf3^)i||i7V2^|| (V.20) 

(cf. Eqn (|VI.10I) with m + n = 1) and 

|h*(/)^ir = / \\fmlartd^\^' + |h(/)^|r. (V.21) 

Eqn (IV. 191) follows from the estimates Eqn (IV. 181) . (IV.20I) and (|V.21D . the pull- 
through formula 

a{k)f[Hj] = f[Hj + \k\]aik), (V.22) 
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and from the conditions on the operator Ig imposed in Section |IVl For instance, 
for the term PVo,i we have 

\\W,,o^ < / \\w^,oik){p)-'a*ik){p)i;\\ 



\k\<i ' ^/\k\ 

J\k\<l \k\ 

+( / "MriA)4||//;'^(p).)|| 

J|fe|<i \k\ 

<\Mp\\{p){Hf + lY/'i,\\ (V.23) 

for any// > —1/2. This together with Eqn (IV. 121 ) implies ||iyi_o(-f^og — ^)~^7f || < 
C II _o 11^4°'' p^^- Now, the term 1^0,2 is estimated as follows: 



\Wq^2^\ < / \\wo,2{ki,k2)a{ki)a{k2)ip\ 

'|fci|<l ^|A:2|<1 



|fci|<l ^|fc2|<l 



</ (/ ii-°^-(^;-^-)ii^--^ ,3,^)i||(^, + |,,|)Vv,,),||i;^ 

J|fcl|<l J|fc2|<l Vrll 

. /■ lk'o,2(/i;i,A;2)||p„ri 3 Mji/2,|| d^ki 

|fci|<l ^|A:2|<1 F2| ^|fcl| 

Ik0.2(fcl,fc2)||,^ 
|fci|<lJ|A:2|<l |fcl||^2 

< lko,2|l!f^||i//^|| (V.24) 

for any fi > —1. 

Eqn (IV. 191) implies that the series 

00 

J2iHo9 - X)-'{wIgRo{X)y (V.25) 

n=0 

converges absolutely on the invariant subspace Ranvf, and is equal to (i^T-oTF —X)'^, 
provided g <ti p. Estimating this series using (IV. 191 ) gives the desired estimate 
dVTT]) . □ 
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Proof o f Theorem [V. 1 [ The last proposition together with the fact that the op- 
erators nig and IgTc are bounded yields Eqn (|V.6I) . The second part of the theorem 
follows from the definition of the Feshbach-Schur map, (|V.7|) . the proposition and 



Note that := Tlpj^Hg-X) |Ran(p„® i)= (Hog-X) |Ran(p„® i) and therefore 
a{K) = (j{Hpg) I + [0, oo) — A. Hence for any A G Qj we have 



Therefore ^ o{K). This, the relation aiUpj^Hg - A)) = a{Hxj) U a{K) and 
Theorem lX.il of Appendix A imply 

Corollary ¥.3. Let A G Qj. Then A G cr^Hg) if and only ifO G a{Hxj). Similar 
statement holds also for point and essential spectra. 

This corollary shows that to describe the spectrum of the operator Hg in the 
domain Qj it suffices to describe the spectrum of the operators H\j which act on 
the smaller space JF. In the next section we introduce a convenient Banach space 
which contains the operators H\j for X E Qj. 

Furthermore to prove bounds on resolvent in terms of bounds on H^^ one uses 
the relation 



UpjiHg - A)-i = i/,7(Pp, ® 1) + {H^g - A)"i(Pp, ® 1). (V.27) 

VI A Banach Space of Hamiltonians 



We construct a Banach space of Hamiltonians on which the renormalization trans- 
formation will be defined. In order not to complicate notation unnecessarily we 
will think about the creation- and annihilation operators used below as scalar op- 
erators, neglecting the helicity of photons. We explain at the end of Supplement 
A how to reinterpret the corresponding expression for the photon creation- and 
annihilation operators. 

Let Bl denote the cartesian product of r unit balls in M?, I := [0, 1] and m,n > 
0. Given functions Wm,n '■ I x 5™+" ^C,m + n>0, we consider monomials, 
Wm,n = Wm,n[u!m,n], in the crcation and annihilation operators defined as follows: 



the Neumann series argument. 



□ 



min{|/i-A| \ fi e cr{Hpg)/{\j} + [0,oo)} 



> 6j - |A - Ajl > -6j. 



(V.26) 




(VI. 1) 
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Furthermore for wqa : [0, cxd) — C we define using the operator calculus Wq^q := 
Wo^o[Hf] (m — n — 0). Here we are using the notation 

k{m,n) ■= (fc(m),fc(n)), dk(^rn,n) ■= YY^id^h H'-^^ (1% , (VI.3) 
|^(m,n)| ■— |^(m)| ' |^(rj.)| j l^(m)| ■— |^l| ■■■|^m|) (VI.4) 

where a* (A;) stand for a{k) either or a* (A;). The notation VFm,n[wm,n] stresses the 
dependence of Wrn,n on Wm,n- Note that Wo,oko,o] — wofi[Hf]. 

We assume that, for every m and n with m + n > and for s > 1, the 
function Wm,n[i", , k(^ra.n)] IS s timcs continuously differentiable in r G /, for almost 
every k(m,n) G -B™^", and weakly differentiable in k(^rn,n) G -B™^", for almost 
every r in 1. As a function of k(^m,n)^ it is totally symmetric w. r. t. the variables 
k{m) — {ki,. . . 1 km) and = (^i, . . . , and obeys the norm bound 

s 

lkm,n|U,s ■^^\\d'!!:Wm,n\\n. < OO , (VI.5) 
n=0 

where > 0, s > and 

lkm,nlU :=max sup \\kj\~''Wm^n[r;k(m^n)\\- (VI.6) 

Here and in what follows kj E is the j— th 3— vector in k(^rn,n) over which we 
take the supremum. For m + n = the variable r ranges over [0, oo) and we 
assume that the following norm is finite: 

lho,olU,s — ko,o(0)| + l^r^o,oWI- (VI.7) 

l<n<s''e[0'°°) 

(This norm is independent of /i, but we keep this index for notational conve- 
nience.) The Banach space of functions Wm,n of this type is denoted by W^'*^. 

We fix three numbers /x>0,0<^<l and s > 1 and define the Banach 
space 

W'' = Wf ' := W^;; , (VI.8) 

m+n>0 

with the norm 

\hK,s,i •= E r^'"+"Mkm,n||M,. < oo. (VI.9) 
m+n>0 

Clearly, W[,'''' C ' if yu' >l^,s'>s and < 
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Let Xi(^) = Xr<i be a smooth cut-off function s.t. xi = 1 for r < 9/10, =0 
for r > 1 and < Xi(^) < 1 and sup < 30 Vr and for n = 1, 2. We 

denote Xp(r) = Xr<p ■= Xiij / p) = Xr/p<i and Xp = XHf<p- 

The following basic bound, proven in [2], links the norm defined in (IVI.6I) to 
the operator norm on B[J-'] . 

Theorem VI.l. Fix m, n G No such that m + n > 1. Suppose that Wm,n G ^m\' 
and let Wm,n = Wm,n['Wm,n] be as defined in ([VI. Then for all \ > 

\\{Hf + Xy^^/^W^^^Hf + \)-''/^\\ < \\Wm,n\\0, (VI.IO) 

and therefore 

p(rn+n)(l+p) 
\\XpWm ,nXp\\ — I j 7 ||^m,n||o 5 

(VI.ll) 

where \\ ■ \\ denotes the operator norm on B[J-']. 

Theorem I VI ■ 1 1 says that the finiteness of Hwim.nllo insures that Wm,n defines a 
bounded operator on B[J-'] . 

With a sequence w := {wm,n)m+n>o in W^'^ we associate an operator by 
setting 

H{w):=Wo,o[w]+ J2 XiW^Am\Xi (VI.12) 

m+n>l 

where we write Wm,n[w] := Wm,n['>^m,n\- The r.h.s. of (IVL12I) are said to be in 
generalized normal (or Wick-ordered) form of the operator H(w). Theorem IVI. II 
shows that the series in (IVI. 121) converges in the operator norm and obeys the 
estimate 

II H{w) - W,fl{w) II < i\\w, 11^^^^^ , (VI.13) 

for arbitrary w_ = {wm,n)m+n>o G >V^'° and any p > —1/2. Here = 
{wm,n)m+n>i- Hcucc the linear map 

H:w^H{w) (VI. 14) 

takes >V^'° into the set of closed operators on Fock space JF. The following result 
is proven in [2]. 

Theorem VI.2. For any /x > and < ^ < 1, the map H : H{w), given in 
^V7.i2P . is injective. 

Furthermore, we define the Banach space 

Wr := W/^',; , (VI.15) 

m+n>l 
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to be the set of all sequences Wi := {wm,n)m+n>i obeying 

\\mh,s,i ■■= Yl r^"+"Mkm,n|U,. < OO. (VL16) 
m+ra>l 

We define the spaces W^/ := H{W''), Wf;^, := i^(Wf'') and W^'^.^^p : = 
H{yVmn)- Sometimes we display the parameter ^ as in W^^^^ := H{W^''^). The- 
orem |VL2] implies that W^'f' := H{}V^'^) is a Banach space under the norm 

II H{w)\\^ s^'^ II — ll^ts^" Similarly, the spaces Wf '^^ and W^'^ also Ba- 
nach spaces in the corresponding norms. 

In this paper we need and consider only the case s = 1. However, we keep the 
more general notation for convenience of references elsewhere. 



VII The operator IZpj {Hg - A) 

In this section we give a detailed description of the family of operators Hxj := 
7lpj{Hg — A) \Ran(Ppj(g) 1) (see Theorem IV.ll) . Here, recall, that Ppj denotes the 
projection on the particle eigenspace corresponding to the eigenvalue A^. We 
define the following poly disc in W^f': 



,s 
op 



«^o,o(0)| <«, (VII.l) 



sup \drWofi{r) - 1\ < (3 , \\wih,s,i<l 

re[0,oo) 

for a, /3, 7 > 0. Recall that := {wm,n)m+n>i- In what follows we fix the 
parameter ^ in (IVII.ll) as ,^ = 1/4. 



Theorem VII.l. Let Hg be a Hamiltonian of the class GH^ defined in Section^ 
with fi > 0. We assume that 6 j > 0. Then for g ^ p < minlnj, 1/2) and X G Qj, 

Hxj - p-\X, - A) G /?, 7), (VII.2) 

where a = 0{g'^p^'-^), (3 = Oig^p^"-^), 7 = 0(c/p'^). 

Note that if ip^^ is an eigenfunction of Hpg with the eigenvalue Xj and : = 
ip^^^ (g) Q, then we have 

Xj - X = {Hg - X)iS,j. 

The proof of Theorem I VII . 1 1 folio w s the lines of the proof of Theorem IV.3 of 
[|29l . It is similar to the proofs of related results of [ T0l[m[T2l . However, there are 
a few differences here. The main ones are that we have to deal with unbounded 
interactions and, more importantly, with momentum-anisotropic spaces. Since 
the proof of Theorem IVII.ll is technically rather involved, it is delegated to an 
appendix. Appendix B. 
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VIII Spectrum of Hg 

In this section we describe the spectrum of the operator Hg E GH^ defined in 
Section|Wl We begin with some definitions. Recall that D{\, r) := {z G C| |2; — 
A| < r}, a disc in the complex plane. Denote V := V'^'^{a, P, 7) with a, /3, 7 ^ 1 
and let Vg := ^"^'^(0, P, 7) (the subindex s stands for 'stable', not to be confused 
with the smoothness index s which in this section is taken to be 1). For H E V 
we denote Hu := {H)fi and Hs .= H — {H)n 1 (the unstable- and stable-central- 
space components of H, respectively). Note that if H E V, then Hg E Vg. 

Recall that a complex function / from an open set V in a complex Banach 
space B is said to be analytic iff Vif E V and E B, f{H + t^) is analytic in 
the complex variable r for |r| sufficiently small (see [|T4l|). (One can show that / is 
analytic iff it is Gateaux-differentiable ( [[T4ll4T]| '). A stronger notion of analyticity, 
requiring in addition that / is locally bounded, is used in ||4TI .) Furthermore, if / 
is analytic in V and g is an analytic vector-function from an open set Q inC into 
V, then the composite function f o g is, analytic on il. In what follows B is the 
space of i7/-bounded operators on JF. 

Our analysis uses the following result from [|29ll : 

Theorem VIII.l. For a, f3 and 7 sufficiently small there is an analytic map e : 
Vg D{Q,Aa) s.t. e{H) E Rfor H = H* and for any H E Vg, a{H) C 
e{H) + S, where 

S ■.= {w E C|Rew > 0, \\mw\ < ^Rew}. (VIII.l) 

Moreover, the number e{H) is an eigenvalue of the operator H. 

Let Hg be in the class GH^^ defined in Section |IV] with > and let H^j be 
the operator obtained from Hg according to Theorem IV. 1[ By Corollary IV. 3 1 for 
z E Qj, we have that z E o-(Hg) if and only if G o{Hzj) and similarly for point 
and essential spectra. By Theorem IVII.ll \/z E Qj, H^j E 'D'^'^{a, P, 5) with 
a = 0{g'^p~^), P = 0{g'^) and 7 = 0{gp^). Since by our assumption (7 ^ 1, we 
can choose p (under the restriction g <^ p < min(Kj, 1/2)) so that 

g^p'\ gp^ < 1. (VIII.2) 

In this case the condition of Theorem I VIII . 1 ] i s satisfied for H^jg E Vg. Therefore 
it is in the domain of the map e : Vg C described in Theorem lVIII. 1 1 above and 
we can define 

^,{z) ■.= E,iz) + e{H,^g), (VIII.3) 

where Ej{z) := H^ju = H^jVL) and z E Qj. Let V p be the unitary dilatation 
on JF defined by 

Vp = Uf{-hip) (VIII.4) 



ResonQED, November 16, 2008 



26 



where Uf{—\np) is defined in Section Unl Our goal is to prove the following 

Theorem VIII.2. Let the Hamiltonian Hg be in the class GHn defined in Section 
\l^with /i > and let g ^ Hj. Then: 

(i) The equation (pj{e) = has a unique solution ej G Qj and this solution 
obeys the estimate \ej — Xj\ < 15a; 

(ii) Cj is an eigenvalue of Hg and 

a{Hg) n Qj C G Qj I Re(z - e^) > (VIII.5) 

and \\m.{z — ej)\ < -\Re{z — ej)\}; 

(Hi) Ifipj is an eigenfunction of the operator He j corresponding to the eigen- 
value 0, then the vector 

:= Q^{Hg~ e,)r;^, ^ 0, (VIII.6) 

where n and Qt^(^H) are defined in Eqns (|V.4I) and (IX. II) . respectively, is an 
eigenfunction of the operator Hg corresponding to the eigenvalue Cj. 

Proof. In this proof we omit the subindex j. (i) Since e : Vs D{0, Aa) is an 
analytic map, z H^s is an analytic vector-function and z E(z) is an analytic 
function on Q'"*, by Theorem lV.il we conclude that the function is analytic on 
Qint^ Here Q'"* is the interior of the set Q. 

Furthermore, the definitions (|VIII.3I) and AqE{z) := E{z) — p"^(A — z) (re- 
member that in this proof A = A^) imply that ip(\) = Ao-E'(A) + e{H\s). 

We have, by Theorem |Vini that |Ao^(A)| < a. Hence \ip{\)\ < 5a. Fur- 
thermore since Q is inside a square in C of side 5/3, we have, by the Cauchy 
formula, that 

\d'^/\oE{z)\ < a(3/5)'" for m = 0, 1. (VIII.7) 
(remember that in this proof 5 = 5j). Similarly we have: 

\d,e{H{z)s)\<Aai3/5)-\ (VIII.8) 

The last two inequalities and the equation AoE(z) := E{z) — p~^(A — z) give 

\d,ip{z) + l\<15a/5. (VIII.9) 

Hence by inverse function theorem, for a sufficiently small the equation ip{z) = 
has a unique solution, e, in Q and this solution satisfies the bound |e — A| < 15a. 

(ii) By Theorem IVIII.ll (p{z) is an eigenvalue of the operator H^ = E{z) + 
Hzs- Hence is an eigenvalue of the operator H^. By Corollary IV. 3 1 z is an 
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eigenvalue of Hg ^ is an eigenvalue of H^. Hence e is an eigenvalue of the 
operator Hg. 

Next, by Corollary IV. 3 [ we have for any z E Q 

z E a{Hg) ^ G a{H^). (VIII. 10) 

Due to Theorem IVmjJ we have that a{H^) = E{z)+a{H^s) C E{z) + e{H^s) + 
S = Lp{z) + S, where the set S is defined in (|VIII.1I) . This together with (|VIIL10D 
gives z G <y{Hg) fi Q ^ ^{z) G —S or 

a{Hg)nQ = ^-\-S). (VIII. 11) 

Now the second part of the proof will follow if we show that Lp~^{—S) is a 
subset of the r.h.s. of (I VIII. 5 1) . Denote fx := z — e and let 

|Im/x| > ^|Re/i|. (VIII. 12) 

Let w := —(p(z). Using that Lp{e) = and the integral of derivative formula we 
find 

ifiz) = {z - e)g{z) (Vni.l3) 
with g{z) := (p{e + s{z — e))ds. This gives 

\lmw\ = \Iieglmn + ImgHenl. (Vni.l4) 

Now, the definitions (IVIII.3I) and Ao-E'(^) := E{z) - p"^(A - z) (remember that 
in this proof A = Aj) imply that 

dM^) = -1 + d,AoE{z) + d,e{H,s). (VIII.15) 

This, the fact that z := e + s{z - e) e Q and Eqns (|VIII.7D and (IVIII.8I) give 

\Reg{z)\ > 1 - 0(a) and |Im^(^)| < 0{a). (VIII.16) 

Relations (|VIIL14I) and (IVIII.16D imply the estimate 

|Imw| > (1 - 0{a))\lmfx\ - 0(a)|Re/i| 

which together with (IVIII.12I) gives 

llmwl > i(l - 0(a))|lm/i| + |(1 - 0(a))|Re/x|. (VIII.17) 
4 8 

Similarly, we obtain 

\Rew\ = \RegRen - lmglmfi\ (VIII. 18) 

< (1 + 0(a))|Re/i| + 0(a)|lm/i|. 
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The last two relations imply \lmw\ > ^\Rew\ and therefore w ^ S ox what is the 
same z ^ ip^^{—S). 

NowletRe/i < 0. Then Eqns CVIIIJiJ)-(lVIIU61) imply that Rew = -Re^fRe/i 
+Im(7lmyU = (—1 + 0(a))|Re/i| + 0(alm/i). Thus, Rett; = (—1 + 0(a))|Re/i|, 
provided |Im/i| < |Re/i|. Hence also in this case we have z ^ ip^^{—S). Thus we 
conclude that Lp^^(—S) is a subset of the set on the r.h.s. of (IVIII.5I) . as claimed. 

(iii) Finally, the last part of the theorem follows from Theorem IX.lT iii) of 
Appendix A. Theorem I VIII . 2 1 is proven. □ 



IX Proof of Theorems I.l and 1.2 



We begin with the proof of existence of the ground state. Let Hg be a Hamilto- 
nian from the class GH^, fi > defined in Section |IVl We assume that Hg is 
self-adjoint. Special cases of such Hamiltonians Hg are the Pauli-Fierz and Nel- 
son Hamiltonians, Hg^ and H^, given in (III. 91) and (IXIII.ll) . respectively. Then 
the operator Hg, g -C kq, clearly satisfies the conditions of Theorem I VIII. 2] with 
j = 0. Moreover, the particle Hamiltonian Hpg entering Hg is self-adjoint which 
implies that the constant kq, defined in (IV.3I) . is kq = dist(cr(/Jpg|^^„p^^), Qj) > 
6o/2. Here, recall, 5o := dist(Ao, cr(/7pg)/{Ao}), where Aq is the smallest eigen- 
values of the operator Hpg. This implies the existence of the ground state for 

Hg, g < Sq. 

Now, Hl^^ = Hp + 0{g^) (see dlUOl) ) and H^ = Hp + 0{g^) (see the 

paragraph after (IXIII.2I) ). Hence, if Hg is either Hg^ or H^, then A^ = ef'^ + 

0{g'^) and 6o = efap{t^o ^) + 0{g'^), where, recall, where A^ are the eigenvalues of 
the operator Hpg labeled in order of their increase and counting their multiplicities, 
ej^^ are the eigenvalues of the operator Hp given in (11.21) and 

Consequently, it suffices to assume that g <C C9ap(£ff^)- Since H^^is unitary 
equivalent to Hg^, this proves the part of the statement of TheoremlTllconcerning 
the ground state. 

Note that the energy of the found ground state solves the equation v3o(e) = 
(see (IVIII.3I) for the definition of (pj{e)). 

Now we prove Theorem IIII.ll which implies the part of the statement of The- 
orem |LT] concerning the excited states and Theorem |L2l Let Hg := e^H*Q where 

H'^Q is the complex deformation of the Hamiltonian Hf, which is either the Pauli- 
Fierz Hamiltonian, H^^ , or the Nelson Hamiltonian, H^ , defined in (IIII.5I) and 
in (IXIII.8I) . respectively. Then the Hamiltonian Hg belongs to the class GH^ de- 
fined in Section HVl with yU > 0. We will assume < Im6' < min(^^05 ^/4), where 
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Oq is defined in Condition (DA) in Section H and ReO = and we will assume 

Let and H*q be the particle Hamiltonians entering H* and H*q, respec- 
tively. We show that 

6j = dist{X j, a (Hpg) / {Xj} +W) > 

for the particle Hamiltonian Hpg := e^H*g, entering Hg, provided j < j(z^), with 
u < inf aess{Hp), and g <^ egai(z^). Here, recall, Xj are the eigenvalues of the 
operator Hpg := e^H*^, := max{j : e^-^^ < u] and egap(z/) is defined above. 
To do this we note first that, since H^ = Hp + 0{g^), we have u < inf aess{Hf) 
for g sufficiently small. Furthermore, since we have chosen Re^ = 0, we have 
that 5j = dist(e*, cr(if^)/{e*} + e~^M+), where ef = e'^Xi are eigenvalues of 
the operator H*g. By the definition of the operator H*g = — ^e^^^A + Vg0 and the 
Balslev-Combes-Simon theorem (remember that Vgo = Vg + 0{g'^) and that Ve 
is A— compact, by Condition (V), which implies the A— compactness of V in the 
one particle case, and Condition (DA), which implies the A— compactness of 
in the one particle case, of Section U) we have that it has no complex eigenvalues 
in the domain {Re^; < u} and therefore its eigenvalues e*, j < coincide 
with the eigenvalues of the operator H* which are < u. Hence we have that 

5, = min(dist(ef , a{H*)/{t*}), (ef_i - ef ) tan(Im^)) 

and therefore 5j > 0. 

Thus, for any j < the operator Hg{:= e^H*g), g <^ mm{Kj , efjp{i')) , 
satisfies the conditions of Theorem IVIII.2I This implies that the spectrum of H^^ 
near ej = e~^Xj is of the form 

a{H*) n e-^Q, C {z e e'^Q^ \ Re{e%z - e^)) > (K.l) 

and I lm{e\z - e,)) |< ^ | Re{e\z - e,)) |}, 

where ej e e~^Qj is an eigenvalue of H*g. Moreover, e^ej is the unique solution 

to the equation ipj{e) = and ej ef as g 0. 

Let v^j(e, 9) = ^j{t) be the function constructed in (IVIII.3I) for the operator 
Hg := e^H^Q. It is not hard to see that (pj{e, 6) is analytic in 6. Since by Theorem 
IVIIL2I e^ej is a unique solution to the equation V5j(e, 6^) = we conclude that 
is analytic in (a fractional power of) 6. On the other hand, by Eqn (IIIL4I) . tj is 
independent of Re^. Hence it is independent of 6. 

The eigenvalue eo is always real and therefore is the eigenvalue also of Hf. 
This is the ground state energy of Hf. For j > the eigenvalue can be either 
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complex or real, i.e. either a resonance or an eigenvalue of H*. (If the (FGR) 
condition is satisfied then Imcj < for j ^ and, in fact, Imej = —'jjg'^ + 0{g^) 
for some 7^ > independent of g, see [[13). In the degenerate case, the total 
multiplicity of the resonances and eigenvalues arising from ef is equal to the 
multiplicity of ef . 

Thus we have proven all the statements of Theorem llll.U but under the stronger 
assumption g -C min(Kj, egap(i^)). Now we relax this assumption. 

Defined* := dist(e*, cr(if*)/{e*}). The following proposition states that 
the restrictions g <^ 6f and |Im^| <C Sf imply the restriction g <^ Kj. Recall that 
Kj and 5j are defined in Eqns (IV. 3 1) and (|V.1I) . respectively. 

Proposition IX.l. Assume that \\tsi6\ <^ 6f. Then there is a numerical constant 
s.t. Kj > c6f tan(Im6'). 

Proof. Observe first that this proposition concerns entirely the particle Hamilto- 
nian Hpg := e^H^g. In its proof we omit the subindices p and g. 

First we estimate 6j in terms of 6f. We assume Re9 = 0. By the definitions 

of 6j and of H := e^H* we have 6j = dist(ef , a{H*)/{ef} + e-^W). Since 
a{H*) = {ef } U e-2^M+, this gives 

6j = min[dist(ef, a(i/#)/{ef }), dist(ef, ef_^ + e-'W)] 

which can be rewritten as 

6j = min(5f , (ef - ef_^) tan(Ime)). (IX.2) 

This, in particular, gives 6f > 6j > 6f tan(Im6'). 

Now we estimate the norm on the r.h.s. of Eqn (IV.3I) . We begin with the case 
of (5 = 0. In what follows A G Qj is fixed. First, we write Pj = P^j + P>j, where 
P<j := X]j<j P>i '■— 1 ~ X] < Pi- Here, recall, Pj are the eigenprojections 

of H := e^Hf corresponding to the eigenvalues Aj. Since {H — \)^^P^j = 
^.<^.(Ai-A)"iPi, wehave \\{H -\)-^P<j\\ < C(mini<j |Ai-A|)-^ Toestimate 
the r.h.s. of the above inequality we write for A G Qj 

min |Aj — A| > min |Im(Aj — A)| 

i<j i<j 

> min |Im(Ai - Xj) \ - |Im(Aj - A)|. 

Kj 

By the definitions of 5j and Qj (see Eqns (IV. II) and (|V.2I) ) and by Eqn (IIX.2I) . 
we have |Im(Aj - A)| < ^Sj < |(ef - ef.J tan(Im6')). On the other hand, 
|Im(Ai - \ = (ef - ef ) sin(Im6'). Hence 

min |Aj - A| > (ef - ef_i)(sin(Im6') - ^ tan(Im6')). 
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For < Im^^ < vr/3, this gives mini<j |Aj — A| > sin(lm^^) for any A G Qj. 
This, together with the estimate derived above, yields 

\\{H - Xy^P<j\\ < C{6fsm{lme))-\ (1X.3) 

To estimate (H — A)^^P>j we write it as the contour integral 

{H - X)-^P>j = —e-^ / (H* - zy\z - e-^\)-^dz, (IX.4) 
2-Ki Jr 

where the contour F is defined as F := /i + iM, where := \ef + |e*,_i. 

Next, expanding e^^V^(e^x) in 9, we have i/* = e-'^^H* + 0{e). Hence for 
|Im6'| <^ inf^gr dist(z, a{Hf)) and Re6' = 0, this gives 

\\{H*-z)-^\\ <2\\{e-^'H* - z)-^\\ < 2/dist(z,a(e-2'i/#)). 

Again, by Hf = e'^^H* + 0{9) and the condition 16*1 < inf^gr dist(2;, a{Hf)), 
the spectrum of e~^^-ff* is at the distance ^ inf^gr dist(2;, a{Hf)) from the spec- 
trum of Hf. Using these estimates and using Eqn (|IX.4|) . we obtain 

\\{H -Xy^PyjW < - l[<lisi{z,(T{H*))]-^\z - e-^\\-^dz. (IX.5) 

We estimate the integrand on the r.h.s. of the above inequality. We have for 

A G Qj 

z — A| > sup(|e^z + s — Aj| — |Aj — s — A|). 

s>0 

For^ G F,wehaveinf^>o |e^2+s-Aj| = \z-e*\ = [{l{ef_^_^-ef)y + {lmzfY^^. 
Moreover, the the definition of Qj and (IIX.2I) imply that sup;^^^^ infs>o \ \j — s — 

M — — ■ Combining the last three estimates we obtain 

inf \e^z - A| > -(5* + llm^l). (IX.6) 
AeQj 8 ■' 

Next, we have for z G F, dist(z, = [(ef+i - {\t* + fef+i))^ + 

{ImzfYl^ = [(i(e*,i - e*)f + {ImzfY''', which gives 

dist(z, a{H*)) > ^{6* + \lmz\). (IX.7) 

If 1^6*1 < Sf, then estimates (IIX.5I) - (lIXJl) give 

||(if-A)-ip>,|| <C(5f)-^ (IX.8) 
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This together with the estimate (IIX.3I) yields 

\\{H - X)-^\\ < C{6f sm{lme))-\ 

This gives the desired estimate of the norm on the r.h.s. of (IV. 3 1) for 5 = 0. 

Now we explain how to modify the above estimate in order to bound the norm 
on the r.h.s. of (|V.3I) for 6 > 0. First we recall the definitions := e~'^He'^ and 
Pj := e~'-^Pj e"-^ with y9 = By a standard result, for 5 sufficiently small, 

a{H^) p|{Rez < v} = a{H) f]{Rez < v}. 

This and the boundedness of show that the estimate (IIX.3I) remains valid if we 

replace the operators H and P<j by the operators and P^- . 

Now to prove the estimate (|IX.8I) with the operator H replaced by the operator 
we use in addition to the estimates above the estimate < 2||i?(2;)|| 

for 2 G r which is proven as follows. By an explicit computation, = H +W, 

where 

W := e%-Vip . V - V ■ V(/7 - |V(/?n. 

Hence for small 5 (recall that (^{x) := S{x)) the operator is a relatively small 
perturbation of the operator H. In particular, for z E T, \\R{z)W | < C5 < 1/2 
and R'^{z) := [1 - R{z)W]^'^R{z), where R{z) = {Hpg - z)-^ and R\z) = 
(yH^g—z)"^. Using the last two relations we estimate ||-R''(2)|| < 2||_R(2;)|| for 2; G 
r. This, as was mentioned above, implies the estimate (IIX.8I) with the operators 
H and P>j replaced by the operators and Pt,y This completes the proof of the 
proposition. □ 
Since e* = + 0{g^), we have that 6f > e'fiiu) - 0{g^) for j < j{iy) := 

max{j : e^^"* < z/}. Therefore the restriction (7 ^ min(/tj, egap(z^)), used above, 
is implied by the restriction 

imposed in Theorem IIII.ll As was mentioned in Section Hill Theorem IIII. 1 1 and 
the Combes argument presented in the paragraph containing Eqn (|r6l) imply The- 
orems ITT] and lL2l provided we choose 9 to be (7 -independent and satisfying < 
Im6' <^ egap(z^). This completes the proof of Theorem IlTI □ 



X Appendix A. The Smooth Feshbach-Schur Map 

In this appendix, we describe properties of the isospectral smooth Feshbach-Schur 
map introduced in Section |Vl In what follows Hg = Hog + Ig E GH^ and we use 
the definitions of Section IVl 
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We define the following maps appearing in some identities below: 



QniHg — A) 

QfiHg - A) 



n — TT {H^ — A) vr/gTT , 



(X.l) 
(X.2) 



Note that Q^{Hg - A) G -B(Ran7r, H) and Q*{Hg - A) G B{n, Ranvr). 

The following theorem, proven in [j4| (see ^3] for some extensions), states 
that the smooth Feshbach-Schur map of Hg — X is isospectral to Hg — X. 

Theorem X.l. Let Hg = HQg+Ig satisfy (IV.6I) . Then, as was mentioned in Section 
[H the smooth Feshbach-Schur map is defined on Hg — X and has the following 
properties: 

(i) A G p{Hg) ■<=^ G p{FT^{Hg — A)), i.e. Hg — X is bounded invertible on H 
if and only ifF^^lHg — A) is bounded invertible on Ran x; 

(ii) IfipEH \ {0} solves Hgip = Xip then ip := x'P ^ RanTr \ {0} solves 
F^iHg -X)^ = 0; 

(Hi) If^pE Ranx \ {0} solves F.„{Hg — X) Lp = then ip := Qt^^Hq — X)ip E 
n\{0} solves Hgi) = Xip; 

(iv) The multiplicity of the spectral value {0} is conserved in the sense that 
dimKeiiHg - A) = dimKerF^(i^g - A); 

(v) If one of the inverses, {Hg — A)~^ or Fr^-K^Hg — A)~\ exists then so does the 
other and these inverses are related by 



{Hg - A)-i = Q^{Hg - A) F^{Hg - A)-i Q^{Hg - A)# + TT {H, - A)-i7r , 



In this Appendix we prove Theorem I VII.ll As was mentioned in Section IVIIl the 
proof follows the lines of the proof of Theorem IV.3 of |^9l (cf. Theorem 3.8 
of BUl and Theorem 28 of L34J). It is similar to the proofs of related results of 
[fTOl[TT]| . We begin with some preliminary results. 

Recall the notation Hg = Hog + Ig (see (IIV.II) ). According to the definition 
(Eqn (IV.7I) ) of the smooth Feshbach-Schur map, F^, we have that 



(X.3) 



and 



F^Hg - A) 



n{Hg-X)-'n + n{Hog-X)-'n. 



XI Appendix B. Proof of Theorem IVII.l 




(XI. 1) 
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Here, recall, vr = n[Hf] is defined in (|V.4I) and vf = n[Hf] := 1 — 7r[ifj]. Note 
that, due to Eqn (IV. 191 ). the Neumann series expansion in vr/gTf of the resolvent in 
(|XI.1I) is norm convergent and yields 

F^{Hg~\) = i7o^-A + ^(-l)^-i7rJj (i/o3-A)-'vr2/J n. (XI.2) 

L=l ^ ^ 

To write the Neumann series on the right side of (|XI.2I) in the generalized 
normal form we use Wick's theorem, which we formulate now. 

We begin with some notation. Recall the definition of the spaces GiJ™" in 
Section lYl For Wm,n e Gi/™" of the form (HV3l) . we denote Wm,n = Vr„,,„[w], 
where w := (wm,n)i<m+n<2 with Wjn,n satisfying (IIV.4I) (not to confuse with the 
definitions of SectionlVIl). We introduce the operator families 

W^,T[^I^Kn)] ■= T^^2^*M (XI.3) 

for m + n > and a.e. k(^m,n) G 5™^"- Here we use the notation for X(p,q), X(p), 
X(q), etc. similar to the one introduced in Eqs. (|III.2I) - (IIII.4I) . For m = and/or 
n = 0, the variables A;(o) and/or A;(o) are dropped out. Denote by the group of 
permutations of m elements. Define the symmetrization operation as 

Wt]n\hn.,n)] (XI.4) 
•= nt! n\ ^ Wm,n[fc7r(l), • • • , fc^(m) ; fejf(l), • • • , fcj^(n) ]• 

Finally, below we will use the notation 

T.[k(^rn)] ■= \ki\ + ■ ■ ■ + \km\, (XI.5) 

n ■■= + . . . + + s[fc|l+^)j + . . . + s[A:;ti)] ' (XI.7) 

r~, := S[fc«J + . . . + nkg^] + nklll^] + ... + (XI.8) 

with = if rii = ... ni_i = m^+i = . . . uil = and similarly for and 
mi + . . . + rriL = M, rii + . . . + Ul = N . 

Theorem XI.l (Wick Ordering). Let iy„,„ G GH'^'', m + n > 1 and Fj = 

Fj[Hf],j = . . . L, where Fj[r] are operators on the particle space which are 
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functions ofr and satisfy the estimates \\ {p) '^^^Fj [r] (p) " || < C for n = 0,1,2. 

Write W := Y.m+n>l ^rn,n with Wm,n ■= Wm,n['^m,n]- Then 

FoWFiW-- -WFl.iWFl = Ppj ® W , (XI.9) 

where W := W[w\, w := {w^IJ^'^)m+n>o with w^lJ^^ given by the symmetriza- 
tion w. r. t. k(^M) <^nd k^^jqy of the coupling functions 

WuAr: hM,N)] = E E n { i^'l I } 



%l+...+mi^ = M, Pl,<ll,---,PL'1L- 1=1 
ni + ... + ni^=N mi+pi + ni + qi>\ 



with 



Fl^Hj + r + TL-i] Wl [ V^f ® )Fi[r + f^] , (XI.IO) 



:= (XI.11) 



The proof of this theorem mimics the proof of [1 1 , Theorem A. 4]. 
Next, we mention some properties of the scaling transformation. It is easy to 
check that Sp{Hf) = pHf, and hence 

Sp{Xp)=Xi and p-'S,{Hf) = Hf, (XL12) 

which means that the operator Hj is a fixed point of p^^Sp. Further note that 
E - lis expanded under the scaling map, p~^Sp{E ■ 1) = p^^E ■ 1, at a rate p^^. 
Furthermore, 

p-'Sp{Wm,n[l^]) = W^,n[Spiw)] (XI.13) 

where the map Sp is defined by Sp{w) := {sp{wm,n))ni+n>o and, for all (m, n) G 

Sp{Wm,n)[k{m,n)] = p"^^'"'"'^ Wm,n[ P k(m,n)] ■ (XI.14) 

As a direct consequence of Theorem I2QJJ and Eqs. (fVTT]) . (|XI.13HXI.14I) and 
(|XI.2I) . we have 

Theorem XI.2. Let A G Qj so that Hg — X e dom(7^p). Then 7lp{Hg — 
^) |Ran(Ppj®/) ~Po^i-^j ~ = H{w_) wheve the sequence w is described as 



ResonQED, November 16, 2008 



36 



follows: w = {w^jj^ )m+n>o with w^J^ , the symmetrization w. r. t. k^'^^^ and 
k'^^^ (as in Eq. PCI. 4^ ) of the kernels 

CO 

WMAr; W)] = Z'"''^"' E(-i)''"' ^ (^1-15) 

L=l 

forM + N>l, and 

oo _L 

L=2 P1,91,.--,PL,<7L- £=1 

for M = N = 0. Here m,p,n,q := (mi,pi, ni, gi, . . . , mL,PL,nL,qL) e 

Vrn^ir; fc(M,7V)] := (V^f ^ ® g'-FolHf + r] (XI. 17) 

L 

with M := mi + . . . + uil, N := rii + . . . + til, Fi[r] := Ppj (g) Xii'^ + fe\,for 
£ = 0,L, and 

F,[r] ■.= n[p{r + r,)]^{Hpg + p{r + re)~X)~\ (XI.18) 
for i = 1, . . . , L — 1. Here the notation introduced in Eqs. (IXL3I) - (IXL8I) and 

(|XI.l II) /5 M5e(i. 

We remark that Theorem IXI.2I determines w_ only as a sequence of integral 
kernels that define an operator in B\J^]. Now we show that w_ E W^'^, i.e. 

s ,t < oo. In what follows we use the notation introduced in Eqs. (IXI.3I) - 
(|XI.8I) and (IXI.l II) . To estimate w, we start with the following preparatory lemma 

Lemma XI.3. Let A G Qj. For fixed L E N and m,p,n,q G Nq^, we have 

C (] ^ ^ 

\\Vm,p,n,q\\fi,s ^ p''^^^ ^ 1 1 "^"i^+P^?, 1 1 ^ ^ • (XI.19) 
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Proof. First we derive the estimate (IXI.19I) for ji = 0. Recall that the operators 
We might be unbounded. To begin with, we estimate 

L 

I Kn,p,n,J r; k(^M,N)] \ < g"" \\ Fo[H f + r]\\ JJ A, , (XL20) 



where A, := We[pk^^^^^jFe[Hf + r] 
tions hidden in the operators Fi[Hf + r 



. We use the resolvents and cut-off func- 
in order to bound the creation and anni- 



hilation operators whenever they are present in We. 

Recall that the operator Fi[Hf + r] we estimate below depends on A, see 
(|XI.18|) . Now, we claim that for A G Qj 

+ pHf + l)Fe[Hf + r]\\<Cp-^ (XI.21) 



for i = 1, L - 1 and + Hj + l)FL[Hf + r]\\ < C. The last estimate 

is obvious. To prove the first estimate we use the inequality (IIV.2I) . in order to 
convert the operator |pp into the operator Hpg-. 



p\' + pHf + l)Fe[Hf + 



r\ 



< 2\\iHpg + p{Hf + r + h) + ^)Fe[Hf + r] ||. 

Clearly, it suffices to consider A changing in sufficiently large bounded set. The 
the above estimate gives 

\\{\p\^ + pHf + l)Fe[Hf + r]\\ < C\\Fe[H f + r]\\ + C . (XI.22) 

If the operator Fe[Hf + r] inside the operator norm on the r.h.s. is normal, as 
in the case of the ground state analysis, then its norm can be estimated in terms 
of its spectrum. For non-normal operators we proceed as follows. Using that 

n[Hf] := Ppj (g) XHf>p + Ppj ® 1, we write 

Fe[Hf + r] := P^j ® [Xs>p?{\j + s - \y' 

+ Ppj ®l{Hpg + s-Xy\ (XI.23) 

where s := p{Hf + r + fe), recall, Ppj := 1 — Ppj and Hpg := HpgPp. Now, since 
Re(Aj— A) > — p/2 > — s/2forA G and s > p, we have that Aj + s — A > p/2 
for the first term on the r.h.s.. For the second term on the r.h.s., we observe that by 
the spectral decomposition of the operator s in (IXI.23I) we have 

?,\i^\\{Ppj®l){Hpg + s-\y^\\< sup \\Ppj{Hpg + p-\y^\\part- (XI.24) 
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Since Qj — [0, oo) = Qj and due to (IV. 3 1) we have 

sup \\{Ppj sup \\Ppj {Hpg-\) \\part<^-'- (XL25) 

Since p < kj, the last estimate, together with the estimate of the first term on 
the r.h.s. of (IXI.23I) mentioned above, yields + r]\\ < Cp^^ for £ = 

1, L - 1. This, due to (|XI.22I) . implies the estimate (|XI.21I) . 

Next, since We [ pk^(2t^ contain products of pi + qi < mi+pi + rii + qi < 2 
creation and annihilation operators (see (IXI.3I) and (IXI.l II) and the paragraph after 
(HVTI) ). we have, by ^NM . (lYlOl) - (lYlSl) and similar estimates (cf. (IVI.IOI) ). that 



Wi[pk'^,,^,)]{p)-'^'-'^\Hf + ir^'^ < C\\wm'^,r.'Xo\ (XI.26) 

where m'^ := rrii +pi and n'^ := rie + qi and := + (remember that se < 2). 
Consequently, 

Ae<Cp-'^'''^\\wrn'^y^C- (XI.27) 



Now, since ||Fo[i// + r] < 1 we find from (IXHOl) and (IXL26l) that 

| Kn,p,n,g [^; fc(M,Af)]| < JI 1 1 1 1 T (XI.28) 

and similarly for the r— derivatives. This proves the isotropic, (IXI.l 91) with /i = 0, 
bound on the functions Vm,p,n,q[r'-, fc(A/,Af)]- 

Now we prove the anisotropic, /i > 0, bound on Vm^p.n^q[r; k(^M,N)]- Let 
ip{x) := S{x) for (5 sufficiently small. Define for £ = 1, L — 1 

+ r] := e-'^FelHf + r]e^ 

and ^ ^ 

Note that this transformation effects only the particle variables. 

Exactly in the same way as we proved the bounds (1X1.2 II) , with £ = 1, L—1, 
one can show the following estimates 

\\{\p\^ + pHf + l)F,'[Hf + r]\\<Cp-\ (XI.29) 

provided A e Qj and S < Sq. 



ResonQED, November 16, 2008 



39 



Now, expression (IXL17I) can be rewritten for any j as 

Vm,p,n,q [^; k{M,N)] := Fq[H f + t] C 



e=j+i 

Since, by the definition, the operator Fo[Hf + r] contains the projection, Pp, we 
conclude that the operator Fo[Hf + r]e'^ is bounded. Hence we obtain for j = 
1,...,L 

e=i e=j+i 

where A,^ := p/[pfc|2„„Ji^/[i^/ + r]|| andij := ||e-'^W^,[pfcg^, + 

r] . Furthermore, since [ pk^(2i^ contain products of + < 2 creation 

and annihilation operators (see (IXI.3I) and (IXI.llI) ). we have, by (IIV.4I) . (IV.20I) - 
(IV.23D and similar estimates (cf. (IVI.IOI) ). that 



(0) 



and 



< C\pk 



(XL31) 



(XI.32) 



where := + j9£ and n'^ := + and := + n^. Consequently, 

4 < Cp-l^^;,„.||(°) andij < Cp^-'|A:£^,„^.)nk„.;,n;|ir- (XI.33) 
Putting the equations (IXL30I) . (IXL33I) and (|XI.27D together we arrive at 



[r] fc(A/,7V)]| < P 



\ ) ' 



'X 



1(0) 



1,L 

n 



\w 



1(0) 



mf+P£,n£+(}£ IIq 



(XI.34) 
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and similarly for the r— derivatives. Since any i, ki is contained, as a 3— dimensional 
component, in /cp-* ^ for some ?, we find (IXL19I ). □ 

(rrij ,nj ) 

Proof of Theorem IVII.II As was mentioned above we present here only the 
case s = 1, which is needed in this paper. Recall that we assume p < 1/2 
and we choose ^ = 1/4. First, we apply Lemma 1X1.31 to (IXI.15I) and use that 
< 2™+P. This yields 



< U {2 pf^'' (XI.35) 



fl,S 

L=l 



mi + ... + m^ = M, V\,qi,---,PL'1L- £=l 



mi+pi,ni+qi 



|(0) 



Using the definition (IVI.16I) and the inequality 2p < 1, we derive the following 
bound for := iwM,N)M+N>i, 

M+N>1 

L=l \ r' / M + N>1 mi+... + mi=M, Pl,<71,...,P£,9l,: 

ni + ...+n^=JV +P^ + nf +9f >1 

nj (0 <:\Pt+1l C-{-m.i+Pi+nt+qi) |L,, I 
1 S \\^mi+pi,ni+qi,\\^ f 

£=1 ^ ^ 



m+n>l p=0 g=0 

Let \\w^\\^l^l := EA/+iv>i^~^"^"'' Hw^m.^IlT' where, recall, := (w„,„)r„+n>i 
(we introduce this norm in order to ease the comparison with the results of DH). 
Using the assumption ^ = 1/4 and the estimate Xl^ol^O^ ^ (^0^ ^ 

^ we obtain 



\w 



2p'^+iEr=i^'^^, (XI.36) 



where 

D II II (0) rvj 
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Our assumption g <^ p also insures that B < \. Thus the geometric series 
on the r.h.s. of (1X1.361) is convergent. We obtain for s = 0, 1 

oo 

J^L'B^ < 8B. (X1.38) 

L=l 

Inserting (1X1.381) into (IX1.36L we see that the r.h.s. of (1X1.361) is bounded by 
16 p^^^ B which, remembering the definition of B and the choice ^ = 1/4, gives 

||«!ilU,.,5<64C(7p^||t^7i||J^°^. (X1.39) 

Next, we estimate Wq.o- We analyze the expression (1X1.161) . Using estimate 
Eq. (1X1.191 ) with m = 0, n = (and consequently, M = 0, = 0), we find 

p-' \\Vo^\Ls < L^p'i^f n hp^At^- (X1.40) 

In fact, examining the proof of Lemma 1X1.31 more carefully we see that the fol- 
lowing, slightly stronger estimate is true 

p-' sup \d',Vo^[r]\ < Vp^^+^[^f J] \\w,,,,,t\ (X1.41) 
re/ P 

Now, using (|X1.41I) . we obtain 

oo 

P~^J^ XI sup [«9' K),p,o,g M| 

L=2 P1'11'---'PL-1L'- "^^^ 

L=2 ^ ^ p+q>i 

oo 



L=2 



where D := Cg^p ^ \\d^w^ \\i^,o,^ with, recall, := {wm,n)m+n>i- Now, similarly 
to (IXOSl) . using that Y.'^^^L'D^ < ISZ^^ for D satisfying D < 1/2 (recall 
g <^ p), we find for s = 0, 1 



oo 
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< 12p^^^[^\\w,\\^ff. (XI.42) 
Next, Eqns. (IXLT6l) and (1x1421) yield 

|^o,o[0]| < 12p^[^\\w,\\^ff. (XI.43) 



We find furthermore that 



sup \drWo,o[r] - 1| < 12p^+i Ikilirf)'- (XI.44) 

r6[0,oo) V p " 

Now, recall that ||wJ^°^ < C and ^ = 1/4. Hence Eqns (1x1431) . (1x1441) 

II ^ ^ 

and (1X091) give dVlL2l) with s = 1, a = Up^" [ ^) , P = 12p^+^ and 
7 = (7 p'^(7. This implies the statement of Theorem I VII. 1[ □ 



XII Supplement A: Background on the Fock space, 
etc 

Let f) be either L^(R^, C, d^k) or L^(]R^, C^, d^k). In the first case we consider f) 
as the Hilbert space of one-particle states of a scalar Boson or a phonon, and in the 
second case, of a photon. The variable A; G is the wave vector or momentum 
of the particle. (Recall that throughout this paper, the velocity of light, c, and 
Planck's constant, h, are set equal to 1.) The Bosonic Fock space, JF, over P) is 
defined by 

oo 

^ := 05„t)®", (XII.l) 

n=0 

where Sn is the orthogonal projection onto the subspace of totally symmetric 
n-particle wave functions contained in the n-fold tensor product t)®" of f); and 
(Sof)®° := C. The vector f2 := 1 is called the vacuum vector in JF. Vectors 

E J-' can be identified with sequences (^„)^o of n-particle wave functions, 
which are totally symmetric in their n arguments, and ^ C. In the first case 
these functions are of the form, . . . , while in the second case, of the 

form ipniki, Ai, . . . , /c„, A„), where Xj E { — 1, 1} are the polarization variables. 

In what follows we present some key definitions in the first case only limiting 
ourselves to remarks at the end of this appendix on how these definitions have to 
be modified for the second case. The scalar product of two vectors ^ and $ is 
given by 

oo „ n 

, $) := 5Z / n ^'^i Mh,...,kn) Mh, ...,kn). (XII.2) 

n=0 j=l 
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Given a one particle dispersion relation uj{k), the energy of a configuration of 
n non-interacting field particles with wave vectors fci, . . . , A;„ is given by J2]=i ^(kj) 
We define the free-field Hamiltonian, Hj, giving the field dynamics, by 

n 

{Hf^Uh,...,K) = (5^^(A;,))7/>„(fci,...,fc„), (XII.3) 

i=i 

for n > 1 and (Hf^)n = for n = 0. Here \E' = (V^„)J!^o (to be sure that the r.h.s. 
makes sense we can assume that ipn = 0, except for finitely many n, for which 
ijjn{ki, ■ ■ ■ , kn) decrease rapidly at infinity). Clearly that the operator Hj has the 
single eigenvalue with the eigenvector Q and the rest of the spectrum absolutely 
continuous. 

With each function G P) one associates an annihilation operator a{(f) de- 
fined as follows. For \l/ = {ipn)'^=Q G ^ with the property that ijjn = 0, for all but 
finitely many n, the vector a{ip)'^ is defined by 

{a{ip)^)^{h,...,kn) ■■= Vn+ 1 j d^k^ik) i)n+i{k,ki, . . . ,K). (XII.4) 

These equations define a closable operator a^ip) whose closure is also denoted by 
a ((/?). Eqn (IXII.4I) implies the relation 

a((^)fi = 0. (XII.5) 

The creation operator a*{Lp) is defined to be the adjoint of a((p) with respect to the 
scalar product defined in Eq. (IXII.2I) . Since aiyip) is anti-linear, and a*{Lp) is linear 
in we write formally 



a{^) = j d-'k ip{k)a{k) , a*{ip) = J d-'k ip{k) a*{k) , (XII.6) 

where a{k) and a*{k) are unbounded, operator-valued distributions. The latter are 
well-known to obey the canonical commutation relations (CCR): 

[a#(A;), a#(fc')] = 0, [a{k) , a* {k')] = 5'^{k - k') , (XII.7) 

where a* = a or a* . 

Now, using this one can rewrite the quantum Hamiltonian Hj in terms of the 
creation and annihilation operators, a and a*, as 

Hf = j d^k a*{k) uo{k) a{k) , (XII.8) 

acting on the Fock space JF. 
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More generally, for any operator, t, on the one-particle space P) we define 
the operator T on the Fock space JF by the following formal expression T := 
/ a*{k)ta{k)dk, where the operator t acts on the A;— variable (T is the second 
quantization of t). The precise meaning of the latter expression can obtained by 
using a basis {(pj} in the space i) to rewrite it as T := J2j J a*{4>j)a{t*(l)j)dk. 

To modify the above definitions to the case of photons, one replaces the vari- 
able k by the pair [k, A) and adds to the integrals in k also the sums over A. 
In particular, the creation and annihilation operators have now two variables: 
a* (A;) = a* (A;, A); they satisfy the commutation relations 

[a*{k) , a*{k')\ = , [a^{k) , al,{k')\ = 5x,x'5'{k - k'). (XII.9) 
One can also introduce the operator- valued transverse vector fields by 

a*{k):= J2 eA(A;)a#(fc), 

Ae{-i,i} 

where e\{k) = e{k,\) are polarization vectors, i.e. orthonormal vectors in M'^ 
satisfying k ■ e\{k) = 0. Then in order to reinterpret the expressions in this paper 
for the vector (photon) - case one either adds the variable A as was mentioned 
above or replaces, in appropriate places, the usual product of scalar functions or 
scalar functions and scalar operators by the dot product of vector-functions or 
vector-functions and operator valued vector-functions. 

XIII Supplement B: Nelson model 

In this supplement we describe the Nelson model describing the interaction of 
electrons with quantized lattice vibrations. The Hamiltonian of this model is 

= < + , (XIII.1) 

acting on the state space, H = Hp ® J-^, where now JF is the Fock space for 
phonons, i. e. spinless, massless Bosons. Here (? is a positive parameter - a cou- 
pling constant - which we assume to be small, and 

< = + Hf , (XIII.2) 

where = Hp and Hf are given in (lOl) and (11.41) . respectively, but, in the last 
case, with the scalar creation and annihilation operators, a and a*, and where the 
interaction operator is := gl with 

/ := I {e-^''-a*{k) + e^'^^ a{k)} (XIII.3) 
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(we can also treat terms quadratic in a and a* but for the sake of exposition we 
leave such terms out). Here, k = K{k) is a real function with the property that 

\K{k)\ < const min{l, , (XIIL4) 

with n > 0, and 

^ \K(k)\^ < oo. (XIII.5) 

1^1 

In the following, k is fixed and g varies. It is easy to see that the operator / is 
symmetric and bounded relative to Hq, with the zero relative bound (see (62^ for 
the corresponding definitions). Thus is self-adjoint on the domain of Hq for 
arbitrary g. Of course, for the Nelson model we can take an arbitrary dimension 
d > 1 rather than the dimension 3. 

The complex deformation of the Nelson hamiltonian is defined as (first for 

e eW) 

H^, := UeH^^'U,' . (XIII.6) 

Under Condition (DA), there is a Type-A {(5^) family H^g of operators analytic in 
the domain |Im^| < Oq, which is equal to (IXIII.6I) for ^ e M and s.t. H^g* = H^^, 

Hg0 = UneeH^i^gU^lg. (XIII.7) 
Furthermore, H^g can be written as 

H^s = H^s®h + ®Hf + /J , (XIII.8) 

where H^, := U,eH^U;,' and I^, := UeI^U,\ 

In the Nelson model case one can weaken the restriction on the parameter p 
to p ^ g"^. One proceeds as follows. Assume for the moment that the parameter 
A is real. Then the operator _Ro is non-negative and, due to Eqn (IV. 131) and Eqn 
(IVI.IOI) . with m + n < 1, and the fact that the operator / is a sum of creation and 
annihilation operators, we have 

\\Rl^'lX^'\\ < Cp-'/'g, (XIII.9) 

where rI^^ := {H^g — A)~^/^7f. Hence the following series 



Epl/2/ pl/2^n 1/2 

n=0 



is well defined, converges absolutely and is equal to n(Hjf — A) %. Estimating 
this series gives the desired estimate (IIV.4I) in the case of real A. For complex A 
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we proceed in the same way replacing the factorization Rq = Rq Rq , we used, 
by the factorization Ro = \Ro\^/^U\Ro\'^^\ where |i?o|^/^ := \Hog - Aj-i/^Tf and 
U is the unitary operator U :— {H^g — A)"^|i?og — A|. 
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